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THE GEOMETRY OF p-CONVEX INTERSECTION BODIES 
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Dedicated to the memory of Nigel J. Kalton, 1946-2010. 

Abstract. Busemann's theorem states that the intersection body of an origin-symmetric 
convex body is also convex. In this paper we provide a version of Busemann's theorem for 
p-convex bodies. We show that the intersection body of a p-convex body is g-convcx for 
certain q. Furthermore, we discuss the sharpness of the previous result by constructing an 
appropriate example. This example is also used to show that IK, the intersection body of 
C ■ K, can be much farther away from the Euclidean ball than K. Finally, we extend these 

theorems to some general measure spaces with log-concave and s-concave measures. 
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! 1. Introduction and Notations 

tin 

A body is a compact set with nonempty interior. For a body K which is star-shaped with 
respect to the origin its radial function is defined by 

Pk{u) = max{A ^ : \u E K} for every u E 5""^. 

A body K is called a star body if it is star-shaped at the origin and its radial function px is 
positive and continuous. The Minkowski functional \\ ■ \\k is defined by \\x\\k = min{A ^ : 
\0 ! X E XK}. Clearly, Pk{u) = \\u\\]^^, for u E S"^'^. Moreover, we can assume that this identity 
^ ' holds for all u E M" \ {0} by extending px from the sphere to R" \ {0} as a homogeneous 

function of degree —1. 

In |Lulj . Lutwak introduced the notion of the intersection body IK of a star body K. IK 
O I is defined by its radial function 

piK{u) = \Knu^\, ioi uES^'^K 

Here and throughout the paper, denotes the hyperplane perpendicular to u, i.e. = 
^ ■ {x eM."- : X - u = 0}. By \A\k, or simply \A\ when there is no ambiguity, we denote the 

/c-dimensional Lebesgue measure of a set A. 

We refer the reader to the books |Ga2j . [Koj . |KoYj for more information on the defini- 
tion and properties of intersection bodies, and their applications in convex geometry and 
geometric tomography. 

In this paper we are interested in the properties of the operator I that assigns to a star 
body K its intersection body IK. One of the well-known results is the classical Busemann 
theorem ([Bu], see also [BaT] . [Ba2] and jMPj l 

Theorem 1. Let K be an origin- symmetric convex body in M". Then its intersection body 
IK is convex. 
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Recently, a new proof of Busemann's theorem was established by Berck [Be], who also 
generalized the theorem to the case of Lp intersection bodies (see [GGj . |HL] . |YY] and |Ko] 
for more information on the theory of Lp intersection bodies). 

The development of the theory of intersection bodies shows that it is not natural to restrict 
ourselves to the class of convex bodies, and in fact, in many situations one has to deal with 
bodies which are not necessarily convex. How does / act on these bodies? In this paper we 
will answer this question for the class of p-convex bodies. 

Let p e (0, 1]. We say that a body K is p-convex if, for all x,y E M", 

\\x+yrK<M'K+\\yrK. 

or, equivalently t^^^x + (1 — ty^^y E K whenever x and y are in K and t E (0, 1). One 
can see that p-convex sets with p = 1 are just convex. Note also that a pi-convex body is 
P2-convex for all < p2 ^ Pi- There is an extensive literature on p-convex bodies as well as 
the closely related concept of quasi-convex bodies, see for example [X] , |BBP1] , |BBP2] , [D] , 
[GoK] . jUoL] . puL] . p^a] . p<aT] . [KaPRj . jLiT] . p2] . jll3] . [LMP] . jLMS] . [M] and others. 

The first question that we consider is the following. Let K he an origin-symmetric p-convex 
body. Is the intersection body IK necessarily q- convex for some q? 

In Section 2, we prove that if K is p-convex and symmetric then its intersection body 



IK is g-convex for all q ^ 



Furthermore, we construct an example 



showing that this upper bound is asymptotically sharp. 

Another important question about the operator / comes from works of Lutwak |Lu2] and 
Gardner |Ga2t Prob. 8.6, 8.7] (see also |GrZ] ). It is easy to see that the intersection body 
of a Euclidean ball is again a Euclidean ball. A natural question is whether there are other 
fixed points of /. In order to measure the distance between star bodies we will be using 
the Banach-Mazur distance dBM{K, L) = mi{b/a : 3T E GL{n) : aK C TL C bK} (see 
|MS] ). In jFNRZ] it is shown that in a sufficiently small neighborhood of the ball (with 
respect to the Banach-Mazur distance) there are no other fixed points of the intersection 
body operator. However, in general this question is still open. In view of this it is natural 
to ask the following question. 

Does IK have to be closer to the ball than K? 

In Section 2 we show that the answer is "No" . There are p-convex bodies for which the 
intersection body is farther from the Euclidean ball. 

It is worth noting that, in the convex situation, there exists an absolute constant C > 
such that dBM^IK, B2) < C for all origin-symmetric convex bodies K (see [He], jBalj . |Ba2j . 
[Bouj . |MPj or Corollary 2.7 in |Koj ) . The example in Section 2 shows that this statement 
is wrong if we only assume p-convexity for p < 1, and dBM^IK, B2), for a p-convex body K, 
can be as large as Cp, where Cp > 1 is a certain constant that depends only on p. 

In recent times a lot of attention has been attracted to the study of log-concave measures. 
These are measures whose densities are log-concave functions. The interest to such measures 
stems from the Brunn-Minkowski inequality, and many results known for convex bodies are 
now generalized to log-concave measures, see for example [Balj . [Ba2j . [AKM] . |K1M] . |FMj . 
[Paj and the references cited therein. 

In Section 3 we study intersection bodies in spaces with log-concave measures. Namely, let 

be a log-concave measure on M" and fin-i its restrictions to (n — l)-dimensional subspaces. 
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Define the intersection body I^K of a star body K with respect to fi by 

Pi,k{u) = fin-iiK n n^), u e 5"-^ 
We sliow tliat if K is an origin-symmetric p-convex body and yU is a symmetric and log- 

r 1 

concave measure, then I^j^K is g-convex for all g ^ — l)(n — 1) + 1 . The proof 

uses a version of Ball's theorem |Bal] . |Ba2] for p-convex bodies. Namely, we show that 
if / is an even non- negative log-concave function on M", k ^ 1, and is a p-convex 
body in M", < j9 ^ 1, then the body L defined by the Minkowski functional \\x\\l = 

l/k 



-1 



/o f{rx)r^ ^dr , x G M", is p-convex. 

If the measure /i is not symmetric, the situation is different, as explained at the end of 
Section 3. L defined above does not have to be g-convex for any g > 0. However, if we 
consider s-concave measures, < s < 1/n, that are not necessarily symmetric, then the 

above construction defines a body L that is g-convex for all g ^ (p '"-'-) (s ~ ^) i "I" p 
We also show that this bound is sharp. This is the content of Section 4. 
Acknowledgment. We are indebted to Alexander Litvak and Dmitry Ryabogin for valuable 
discussions. 

2. p-CONVEXITY AND RELATED RESULTS 

Here we prove a version of Busemann's theorem for p-convex bodies. 

Theorem 2. Let K he a symmetric p-convex body in M", p G (0,1], and E a {k — 1)- 
dimensional subspace ofW^ for 1 ^ k ^ n. Then the map 

Ml — ^1 — -p, u E 

\K n span(n, E)\j^ 

defines the Minkowski functional of a q-convex body in E-^ with q = [{1/p — 1) k + 1]"^- 



Proof. We follow the general idea of the proof from |MP] (see also |Ga2t p. 311]). Let ui, U2 G 
E-^ \ {0} be nonparallel vectors. Denote u = ui + U2, and 

p(mi) = , I ' ^' = / \Kn{rui + E)\dr, 



\K n span{n2, E}\ 



F2I 

Define the functions ri = ri(t) and r2 = r2{t) by 



/oo 
\Kn {ru2 + E)\dr. 
'OO 



ri 



t = \K n (rui + E)\ dr 







T2 

\K n{ru2 + E)\dr, tG [0,1/2]. 







Let r = (r/ + r2 ^) ^ Ai = p and A2 = ■ Then 

'1 "'"'2 '1 """'2 
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On the other hand, since r u 



p{ui + U2) = A[riMi + \2r2U2, we have 



Kr\{ru + E) D \l{Kr]{riUi + E)) + y^{Kr]{r2U2 + E)) 

= Ai (^xt^K n (ri Ml + E)^ + A2 (^a|"'a^ n (r2 M2 + ^) 
Thus, by the Brunn- Minkowski inequahty (see, for example, |Ga3] ). we get 



\Kn{ru + E)\ ^ 



A[ K n {nui + E) 



Finally, we have the following: 



p{Ui +U2) 



1-1 

A2" K n (r2M2 + E) 

\K n (nm + \K n (r2n2 + ^)|^' 
1/2 



/ \K r\{ru + E)\dr = 2 \K n {ru + E)\—dt 
J-00 Jo d,t 



^ 2 



> 2 



^ 2 



1/2 



1/2 



1/2 



(A^^A^^)^^ 
Ai 



Ai / \ A2 

A2 [p{u2)r 



1/9 



dt 



A, 



-1/9 



= [[p{u,)r + [p{u2)rr^r 

Therefore p{u) defines a g-convex body. 



As an immediate corollary of the previous theorem we obtain the following. 



□ 



Theorem 3. Let K be a symmetric p-convex body in M" forp G (0, 1] . Then the intersection 
body IK of K is q- convex for q = [{1/p — 1) {n — 1) + 1]"^- 

Proof. Let L = IK be the intersection body of K. Let Vi,V2 G span{ui,U2} be orthogonal 
to Ui and U2 correspondingly. Denote E = spanjui, 1*2}"'". Then 

Pl{vi) = \Kn span{ni, E}\ = p{ui), 



and 

Pl{v2) = \Kn span{M2, E}\ = p{u2). 
Using the previous theorem with /c = n — 1, we see that L is g-convex for q = [{1/p — l){n — 
l) + l]-i. □ 

Remark 1. Note that the previous theorem does not hold without the symmetry assumption. 
To see this, use the idea from |Ga2t Thm 8.1.8], where it is shown that IK is not necessarily 
convex if K is not symmetric. 

A natural question is to see whether the value of q in Theorem [3] is optimal. Unfortunately, 
we were unable to construct a body that gives exactly this value of g, but our next result 
shows that the bound is asymptotically correct. 

Theorem 4. There exists a p-convex body K <Z MJ^ such that IK is q-convex with q ^ 
[(1/p — l)(n — 1) + 1 + gn{.'p)Y^ , where gnip) is a function that satisfies 

V 9n{p) > -log2(ri - 1), 

2) lim Qnip) = 0. 

Proof. Consider the following two {n — l)-dimensional cubes in M": 

Ci = {\xi\ ^ 1, ^ l,x„, = 1} and C„i = {|xi| ^ 1, < l,x„ = -1}. 
For a fixed < |) < 1, let us define a set C M" as follows: 

K = {z : z = t^/Px + (1 - ty^Py, for some x e C^y e O^t^l}. 

We claim that K is p-convex. To show this let us consider two arbitrary points Zi, Z2 € K, 
zi = tl^'x, + (1 - t^Y/Py,, Z2 = t)l'x2 + (1 - ^2)^/^2/2, 

where X\,X2 G Ci, 2/1,1/2 G C'-i, and t\,t2 G [0,1]. 

We need to show that for all s G (0, 1) the point w = s^^^zi + (1 — 5)^/^2:2 belongs to K. 

Assume first that ti and ^2 are neither both equal to zero nor both equal to one. Since Ci 
and C_i are convex sets, it follows that the points 

_ _ gVPt^/^Xi + (1 - sy/nl/''x2 _ _ gVp(l - t^y/Pyi + (1 - s)^/P(l - ^2)^/^2/2 

sVPtl/P + {1 - sy/Ptl^" ^ ~ sVp(1 - t^y/p + (1 - s)Vp(1 - t2)i/P 

belong to Ci and C_i correspondingly. Then w = ax + (3y, where 

a = s'/ny^ + (1 - sy/n'J'' and f3 = 5^/^(1 - tO^/^ + (1 - 5)^/^(1 - ^2)'/^ 

Note that aP + (3^ ^ st^ + (1 - 5)^2 + s(l - ti) + (1 - s)(l - ^2) = 1- Therefore, there exists 
/i ^ such that (a + /i)^ + (/3 + fiY = 1 and 

PV ~\~ iii X) 

w = {a + ^i)x + {/3y + fi{-x)) = {a + + (/3 + -. 

fj ~\~ jJj 

Since y G C_i and —x G C_i, it follows that 

/3 + yU 

Therefore w is a p-convex combination of x G Ci and y G C_i. 



If ti and t2 are either both zero or one, then either a = or /3 = 0. Without loss of 
generahty let us say a = 0, then w = (3y. Now choose x G Ci arbitrarily, and apply the 
considerations above to the point w = Ox + Py. The claim follows. 

Note that K can be written as 



K 



rpx 



[1 - r)py : X e Ci,y e C_i,0 ^ r ^ 1 



rpv + (l—r)pw+ rp — (l — r)p 



rp + (1 — r)p 



z + 



TP — (1 — r) p 



(1) 

s = fit) of 



where ^ 



[—1,1]" ^ C M" ^ and / is a function on [—1,1] defined as the solution 



s + t 



s - t 



s > ItL-l ^ t ^ 1. 



Let L = IK be the intersection body of K. Then 



\Knei 



(2/(0)) 



n.-l 



21/p 



n-l 



In order to compute the volume of the central section of K orthogonal to (ei + en)/\/2, 
use ([T]) to notice that its projection onto xi = coincides with K Hej;. Therefore 

PL((ei + en)/V2) = v^pL(ei) = 2V2 [ [2/(t)]"-' dt. 

Jo 

Let L = IK be g-convex. In order to estimate q, we will use the inequality 



en + ei 



that is 



Thus, we have 



V2 



e„, - ei 



2i/g 



en + ei 



V2 



pL{{ei + en)/V2)' 



21/P 



n-l 



We now estimate the latter integral. From the definition of / it follows that f{t) ^ and 
f{t) ^ t for t G [0, 1]. Taking the maximum of these two functions, we get 

2 t^^ c\ ^ + ^ 2 



for ^ ^ t ^ 1. 



Therefore, 



(2) 



2 

2l/P 



2i/p 



21/p 



n-2 



dt 



+ 



n — 1 



21 /p 



Hence, 



which imphes 



2^/-? > 2 1 



1 



n — 1 



2i/p 



n-l 



--1 (n-l) + l + log2 



[n 



2)(^) 



n-l 



n — 1 



Denoting 

gn{p) = log2 

we get the statement of the theorem. 



(--2) i^r'+i 



n — 1 



□ 



We will use the above example to show that in general the intersection body operator does 
not improve the Banach-Mazur distance to the Euclidean ball -82- 

Theorem 5. Let p E (0, 1) and let c be any constant satisfying 1 < c < 2^^^"^. Then for all 
large enough n, there exists a p-convex body K cM"- such that 

C^dBM{K,B^) < dBAlilK.B^). 

Proof. We will consider K from the previous theorem. One can see that K C C y/nB2- 
Also note that for any a G -B^, there exist x E Ci, y E C_i and A G [0, 1] such that a = 

Xx + {1-X)y. Then we have ||a||^ ^ Xf + {l-X)P ^ Therefore, K D B^ D 2^B^, 
and thus 



(3) 



i-p 



dBM{K,B^) <:2—V^. 



Next we would like to provide a lower bound for dBM{IK, B2). Let E be an ellipsoid such 
that E C IK C dE, for some d. Then 

IK C conv(/A') C dE and ^ conv(/A') C E ClK. 
Therefore, 1/d ^ 1/r, where r = min{t : conv{IK) C tIK}. Thus, 



dBAiilK, B2) ^ r = max 



Pconv{IK){d) Q ^ 5"^-l\ > 

piK{d) ' j ^ 



The convexity of conv{IK) gives 



Pconv{IK){Gn) ^ 



Cn + ei \ e„ + ei 



72/^2 

7 



+ PiK 



Pconv{IK) [ 

Pixien) 



ei\ Cn- ei 



V2 J V2 



Combining the above inequalities with inequahty from the previous theorem, we get 

^ " V2pjK{er.) ^ \ 2 ) n-1 
Comparing this with (jS]) we get the statement of the theorem. □ 

3. Generalization to log-concave measures 

A measure fi on M" is called log-concave if for any measurable A,Bg M" and < A < 1, 
we have 

fi{\A + (1 - \)B) ^ /i(A)V(5)^^-^) 
whenever XA -|- (1 — X)B is measurable. 

Borell |Borj has shown that a measure n on M" whose support is not contained in any 
affine hyperplane is a log-concave measure if and only if it is absolutely continuous with 
respect to the Lebesgue measure, and its density is a log-concave function. 

To extend Busemann's theorem to log-concave measures on R", we need the following 
theorem of Ball jBaT] . [Ba2] . 

Theorem 6. Let f : R"" — ?■ [0, oo) be an even log-concave function satisfying < / < oo 
and let k ^ 1. Then the map 



X 



f{rx)r ' dr 



defines a norm on M". 

An immediate consequence of Ball's theorem is a generalization of the classical Busemann 
theorem to log-concave measures on M". 

Let /i be a measure on R", absolutely continuous with respect to the Lebesgue measure 
m, and / its density function. If / is locally integrable on /c- dimensional affine subspaces of 
R", then we denote by pk = fi^k the restriction of fi to /c- dimensional subspaces, where 
is the fc-dimensional Lebesgue measure. 

Define the intersection body I^K of a star body K with respect to /x by 

Let /i be a symmetric log-concave measure on R*^ and K a symmetric convex body in R". 
Let / be the density of the measure p. If we apply Theorem [6] to the log-concave function 
^xf 1 we get a symmetric convex body L whose Minkowski functional is given by 



Then for every u G S'""'^, 



/ (lA'/)(rx)r""^rfr 



1 

' n-1 



/i„_i(irnn^) = / / {lKf){re)r^"'drde 

1 



n i ./sn-inu^ 
8 



9\\l''+^de =\Lr\u^ 



Using Theorem [T] for the convex body L, one immediately obtains the following version of 
Busemann's theorem for log-concave measures. 



Theorem 7. Let jj, he a symmetric log-concave measure on and K a symmetric convex 
body in M". Then the intersection body I^K is convex. 

In order to generalize Theorem 12] to log-concave measures, we will first prove a version of 
Ball's theorem (Thm E]) for p-convex bodies. 

Theorem 8. Let f : MP ^ [0, oo) be an even log-concave function, k 1, and K a p-convex 
body in for < p ^ 1 . Then the body L defined by the Minkowski functional 



f{rx)r^ ^dr 



x G 



IS p-convex. 



Proof. Fix two non-parallel vectors xi,X2 G and denote x^ = xi -\- X2- We claim that 
II^sIIl ^ II^iIIl + II^2||l- Consider the following 2-dimensional bodies in the plane E = 
span{xi,X2}, 



K 



X2\k 



and 



X G 



Fill 



f{rx)r ' dr 



^ 1 



One can see that the boundary of K consists of a p-arc connecting the points ||^||^ 



and 



II , and two straight line segments connecting the origin with these two points. Clearly 

for z = 1, 2, since n and 



K is p-convex and K G K. Also note that 



Xi K 



X2 



are on the boundary of K, and ||x3||^ ^ ll^all-ft' since K C K. It follows that \\xi\\i 



Fi U 



1,2), and WxsWi ^ ||x3||l. 



Consider the point y 



\\x 



IIIL 



-Xl -\- 



\\x 



-X2 in the plane E. The point 



Ik'lllA'""" ■ \\X2\\k 

connecting „ and „ ^\ . Consider the tangent line to this arc at the point 
line intersects the segments [0, a;i/||xj|| j^^]. 



-jT- lies on the p-arc 
^ This 



WVWk 



1, 2, at some points -rr^ with tj G (0, 1). 



Since 



t2X2 



and 



\m\\K 

and iT^ir- in the equality 



are on the same line, it follows that the coefficients of „ 



\\X2\\k 



y 



1 



WvWk WvWk 

have to add up to 1. Therefore, 



\xi\\l tiXi 



Mr 



+ 



|a;2||z t2X2 



to 



\y\\K 



FiIIl 



and 



\X2\\l 
to 



Note also that the line between ir^^r- and n*^^? separates from the origin, which means 
that the three points la^P IMF "convex position". Applying Ball's 



theorem on log-concave functions (Thm [6]) to these three points, we have 



1^311/? 



f{rxs)r dr 





k 




^dr 













/(rxi)r dr 



1^2 IIk 



f{rx2)r' dr 



If we let s,' = \\x. 



i\\L 



Jo " f{rxi)r^-^dr 



for each i = 1,2, the above inequality becomes 



FiIIl , \\X2\\L 



Si 



S2 



By a change of variables, we get 



Si II "^i II L 



f{tirxi)r^ ^dr 



* II •''MI L 



f{rxi)r^ ^dr 



for each i = 1,2. The above inequality comes from the fact that an even log-concave function 
has to be non-increasing on [0, oo). Indeed, 

fiUrXi) = f ( ■ rxi - ^— ^ ■ rxA ^ f[rxi)~^ f{-rxi)^ = f{rxi). 



Putting all together, we have 

II II ^11 II ^ Ikillz , l|a;2||z . , ||a;2||L n „ 

IfsIIl ^ \\xz\\l ^ + ^ —7 — + —7 — = Ill/Ik- 

Si S2 ti 12 

Using the p-convexity of K, we have 



\y\ 



K 



FiIIl 



-Xi 



1^ ^ 

and therefore Hxajl^ ^ II^iIIl + W^'^ul 



X2\\k 
P 



-X2 



K 



l^illi + ll^sll^ — ll^^illx, + ||2:2||l) 



□ 



Corollary 1. Let ^ be a symmetric log-concave measure and K a symmetric p-convex 
body in R" for p G (0,1]. Then the intersection body I^K of K is q-convex with q = 
[{l/p-l){n-l) + l]-\ 

Proof. Let / be the density function of /i. By Theorem [8], the body L with the Minkowski 
functional 



-1 

A' 



IS p-convex. 



in - 1) I f{rx)r"' dr 

10 



10 



-1 

n-1 



X G 



On the other hand, the intersection body I^K of K is given by the radial function 

iKnu^{x)f{x)dx = / f{rv)r'''~'^drdv 



5n-lp|„± JO 



\v\\l''^^dv = |LnM^|„_i 



n — 1 
= P/l(m), 

which means I^K = IL. By Theorem [21 IL is g-convex with q = [{1/p — l)(n — 1) + 1] ^, 



and therefore so is I^K. 



□ 



We conclude this section with an example that shows that the condition on / to be even 
in Theorem [8] cannot be dropped. 

Example 1. Let /i be a log-concave measure on M" with density 

1, if xi + X2 ^ 
0, otherwise. 



/(Xi, . . . , Xn) 



Consider the p-convex body K = B"^ for p G (0, 1). If L is the body defined in Theorem [HI 
then ||ei + e2||L = and ||ei||L = ||e2||L > 0, which means L is not g-convex for any g > 0. 



4. Non-symmetric cases and s-concave measures 



Note that Ball's theorem (Thm [6]) remains valid even if / is not even, as was shown by 
Klartag [Klj . On the other hand, as we explained above. Theorem [H] does not hold for non- 
symmetric log-concave measures. However, if we restrict ourselves to the class of s-concave 
measures, s > 0, then it is possible to give a version of Theorem [H] for non-symmetric 
measures. 

Borell |Borj introduced the classes njts(f2), (— oo ^ s ^ oo, c open convex) of 
s-concave measures, which are Radon measures /i on f2 satisfying the following condition: 
the inequahty 

/i(AA + (1 - X)B) ^ [A/i(A)^ + (1 - \)ii{ByY 
holds for all nonempty compact A,B dO, and all A G (0, 1). In particular, s = gives the 
class of log-concave measures. 

Let us consider the case < s < 1/n. According to Borell, /i is s-concave if and only if 
the support of /i is ri- dimensional and d/i = fdm for some / G L\^^{yL) such that /i-"" is a 
concave function on VL. 

Theorem 9. Let fi be an s-concave measure on Q G M" with density f , for < s < 
and K a p-convex body in fl, for G (0, 1]. If k ^ 1, then the body L whose Minkowski 
functional is given by 



^ L 



l/<(rx)/(ra:)r dr 



X G 



is q-convex with q 



( p ( s k ~^ n 
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Proof. Let Xi,X2 G M" and Xs = Xi + X2- Then, for i = 1, 2, 

r"00 



'^K{rXi)f{rXi)r'' ^dr = - / 1k{s px.i)f{s pXi)s~ 
Pio 

OO 1 /"OO 

(it, 



poo 2 /"OO 

= - / = - / {s G (0, oo) : Fi{s) > t} 

pJo PJo 

where Fi(s) = lK{s~pXi)f{s~pXi)s~p~^ for each i = 1,2,3. We claim that 



whenever S3 = si + S2 and Aj 



S1+S2 



for z = 1, 2. Indeed, since 



Sl 



Sl + S2 



1 1 1 



S2 



Sl + S2 
1 1 1 



S2 X2 



Ai(Af ''si^xi) + A2(A| \s,''x2), 



the concavity of /''', 7 = ^^^5 gives 



1 1 1 



r{s,-Xs) ^ Air(Af Si^Xi) + A2r(A| S2''X2) 



1_1 _ 1 



Ar r(sr'xi) 



X (--1) 1 

' ^ f{Si ^Xi) 

S3 



piM 82" X2) 
\t'r{s~'x2) 

Ai 



A2 



A2 



X (--1) 

S3 



f{s2~'X2) 



that is, 

si^'~'^fis~~^xs) ^ n 

On the other hand, note that 



1=1 



" f{sr^^) 



H A, 



2 Ai A2 flY'fl\ 



A2 



and 



S3 Sl ^ S2 ^ VSlJ VS2/ 



1e'(s3 "Xs) ^ ''Xi)lx(s2 "Xa), 
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since S3 ^x^, = A[(s^ ^Xi) + A|(s2 ^X2). Thus 



i=l 



sf ''X,) ■ ( ^ 

Si 



X \ 7 V ' P 



< 1k{s,^x,)1[ 

i=l 

^ 2^^F3(S3). 

It follows that for every t > 

{S3 : 2i+^F3(s3) > t} D {si : Fi(si) > t} + {s2 : F2(s2) > t}. 
Applying the Brunn-Minkowski inequality, we have 



\\Xl +X2\ 



ikaii: 



P Jo 

f 00 



F3{s)ds 

1 1 

_ / {,3e(0,oo):2l+^F3(s3)>t} 
9"*" P Jo 

^ 4-7 ■ - / ( {^1 : ^i(^i) > + {^2 : ^2(^2) > t} ) 
2^+^ PJo ^ ' 



dt 



k 

2^ 



:7(lki|IZ' + lk2||z')- 



Thus, 



lki + a;2||L ^ 2^ 



1 /^lla^illZ' + lkallZ* 



l^i|lZ'')^ + (lkillZ'^)^ 



1 f + Ml 



1/1^1111 + 1^211, 

2 



(11^1111+ ll^2||D^ 



which means that L is g-convex. 



The following example shows that the value of q in the above theorem is sharp. 



□ 



Example 2. Let /i be an s-concave measure on ^2 = {(xi, . . . , Xn) € M" : xi ^ 0} for s > 
with density 



and let 
K 



(xi, . . . ,x„) : Xi ^ 0, 



/(Xi,... 






Xi + X2 


p 


Xi — X2 


+ 


2 


2 



^ 1, |xi| ^ 1 Vi = 3, . . . , n /> . 



13 



Note that ||ei||A- = l^'^l^ and ||ei + Call/^ 
in the above theorem, then 



ei - 62 K 



ei L 



21-1/P 



= 1. If L is the body defined by K 



and 



||ei + e2||L = 

If L is g-convex for some g, then the inequality ||2ei||L ^ 

"2(i-f)(^-"+^- 





'1 






n - 











- — n + /c 



1 

n 



ei + e2||i 
k 



implies 



that is, 



1-1 



- - 7^ I - + - 

P. 



Note that in our construction Vt is not open, as opposed to what we said in the beginning of 
Section 4. This is done for the sake of simplicity of the presentation. To be more precise one 



would need to define = {(xi, 
for e > 0, and then send e — )■ 0"^ 



: xi > — e} and /(xi 



\xi + e 



l/s—n 
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